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ABSTRACT: We consider 5D Einstein-Maxwell-dilaton (EMd) gravity in spacetimes with
three commuting Killing vectors: one timelike and two spacelike Killing vectors, one of
which is hypersurface-orthogonal. Assuming a special ansatz for the Maxwell field we show
that the 2-dimensional reduced EMd equations are completely integrable. We also develop
a solution generating method for explicit construction of exact EMd solutions from known
exact solutions of 5D vacuum Einstein equations with considered symmetries. We derive
explicitly the rotating dipole black ring solutions as a particular application of the solution

generating method.
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1. Introduction

In recent years the higher dimensional gravity is attracting much interest. Apart from
the fact that the higher dimensional gravity is interesting in its own right, the increasing
amount of works devoted to the study of the higher dimensional spacetimes is inspired
from the string theory and the brane-world scenario with large extra dimensions. The
gravity in higher dimensions exhibits much richer dynamics and spectrum of solutions
than in four dimensions. One of the most reliable routes for better understanding of higher
dimensional gravity and the related topics are the exact solutions. However, the higher
dimensional solutions found so far are not so many. As yet to the best of our knowledge
there are no EMd solutions found in the literature that describe rotating charged black
holes in higher dimensions with an arbitrary dilaton coupling parameter (there are some
numerical solutions, however [, fl]). Moreover, unlike the 4D case, in higher dimensions the
systematic construction of new solutions has not been accomplished yet. It is well known
that both vacuum and electrovacuum 4D Einstein equations are completely integrable being
restricted to spacetimes with two-dimensional Abelian group of isometries [{]-[L7]. This
nice property is also shared by some effective string gravity models (or certain sectors of
them) which allows us to find many families of physically interesting exact solutions [L§-
B3. The D-dimensional vacuum Einstein equations with (D — 2)-dimensional Abelian
group of isometries are completely integrable, too [@, @] Recently, in [Rf], we have
shown that, after imposing some symmetries on the spacetime and the electromagnetic
filed, the 5D Einstein-Maxwell equations are completely integrable.

The aim of this work is to make a step towards the systematic construction of exact
solutions in 5D Einstein-Maxwell-dilaton (EMd) gravity. We consider 5D EMd gravity in



spacetimes with three commuting Killing vectors: one timelike and two spacelike Killing
vectors, one of which is hypersurface-orthogonal. Assuming a special ansatz for the Maxwell
field we show that the 2-dimensional reduced EMd equations are completely integrable
by deriving a Lax-pair presentation. We also develop a solution generating method for
explicit construction of exact EMd solutions with considered symmetries. The rotating
dipole black ring solutions in EMd gravity are derived as a particular application of the
developed solution generating method as well.

2. Dimensional reduction, coset presentation and complete integrability

We consider the 5D EMd gravity described by the action

1

S =
167

1
/d‘:’x\/—g [R — 29" 0,00, — Ze_Qa“OFWFW] (2.1)
where a # 0 is the dilaton coupling parameter.
This action yields the following field equations

1 _ 1
RMV = 2({9“(,08,/(,0 + 56 2ap (F“)\FV)\ — EFU)\FOAQMV> )

V, Vi = —%e*M%@FﬂFU& (2.2)
Y, (200 Py = 0.

In this paper we consider spacetimes with three commuting Killing vectors: one time-
like Killing vector T" and two spacelike Killing vectors K; and Ky. We also assume that the
Killing vector K is hypersurface orthogonal. We require the electromagnetic and dilaton
fields to be invariant under the Abelian group generated by the Killing vectors, i.e.

LKIF:LKQF:LTF:O, LKltp:LKQLp:LTLp:O, (23)

where Lg denotes the Lie derivative along the vector K.
In adapted coordinates in which Ky = 9/9Y, the spacetime metric can be written in
the form
ds? = e*"dY? + e “h;da'da’ (2.4)

where h;; is a 4-dimensional metric with Lorentz signature. Both u and h;; depend on the
coordinates ' only. The electromagnetic field is taken in the form

F =dAy AdY (2.5)

where Ay depends on the coordinates 2 only. Let us note that this form of the electro-
magnetic field is compatible with the invariance of F' with respect to the Killing vectors.

After a dimensional reduction along the Killing vector Ko, the field equations (2.9) are
reduced to the following effective 4D theory:

. 1 3
D;D'u = —3672”*20‘“’h”DiAyDjAy, (26)



(0%

DZDle = —2672u72aiphijDiAy’DjAy, (27)

D; (72" ?*¥D'Ay) = 0, (2.8)
1

sz(h) = ;Qu@]u + 2@(,08%0 + §ei2u72a¢8i14y3j14y. (2.9)

Here D; and R;j(h) are the covariant derivative and Ricci tensor with respect to the
Lorentz metric h;;. We shall introduce the new parameter a, and the fields x and ¢,
defined by

V3

Ay = 7@, (210)

X = u+ ap, (2.11)
2

(=u— (2.12)

B,

Further we introduce the symmetric matrix M; given by

1+a2 vy 12 [14a2 _
eX + —*e XA —*e XAY
M, = 3 Y 3 (2.13)
1+af —x 4 —X
—3 € Y €

with det M; = 1. Then the dimensionally reduced EMd equations become

D; [D'M M) =0, (2.14)
D; D¢ =0, (2.15)
Rij(h) = S S [0;M10; M7 1] + L"%a'ga»g (2.16)
ST A T T a) Y '
These equations are yielded by the action
R /d4x\/—h R(h) + S A (0;M10; M) — L"Q‘hiﬂ'a-ga-g
167 41+ a2) (i 201 +a2) T
(2.17)

Clearly the action is invariant under the SL(2,R) x R group where the group action is
given by

M, — GM,GT | ¢ — ( + constant , (2.18)

G € SL(2,R). In fact the matrices M; parameterize a SL(2,R)/SO(2) coset. So we obtain
a non-linear o-model coupled to 4D Einstein gravity with a minimally coupled scalar field
C.

Next step is to further reduce the effective 4D theory along the Killing vectors T and
K. For this purpose, it is useful to introduce the twist of the Killing vector T'

= —%*(h) (T AdT), (2.19)

were *(h) is the Hodge dual with respect to the metric h;;.



One can show that the Ricci 1-form R, [T] defined by

Ru[T) = Rij(h)TVdx", (2.20)
satisfies
*(h) (T A RL[T)) = dw. (2.21)
In our case we obatin
Ru[T] = g (T70;u) du+ (T78;¢) dp + %e*%*m (T70;Ay) dAy. (2.22)

Since the potentials u, ¢ and Ay are invariant under the Killing symmetry generated
by T we have

TI0;u = T70;0 = T70; Ay =0 (2.23)
which gives R, [T] = 0, i.e. dw=0. Therefore there exists (locally) a potential f such that
w = df. (2.24)

In adapted coordinates for the Killing vectors 7' = 9/t and K7 = 0/0X, and in the
canonical coordinates p and z for the transverse space, the 4D metric h;; can be written
in the form

hijda'da? = —e*Y (dt + AdX)? + e p2dX? + e Ve (dp? + d2?). (2.25)

For this form of the metric h;;, combining (B-19) and (.24), and after some algebra
we find that the twist potential f satisfies

1 €4U
= ——— 2.2
Opf = =55 0A (2.26)
1 e4U
L f = —— ) 2.2
0.f 2 ) 0,A (2.27)
Before writing the 2D reduced equations we shall introduce the symmetric matrix
e2U 4 422U 9fe—2U
My = ( ofe-2U U (2.28)
with det My = 1. Then the 2D reduced EMd equations read
9y (PO MIMTY) + 0. (p0. M1 M) =0, (2.29)
9, (p0p Mo My ') + 0, (p0. Mo My ') =0, (2.30)
0y (p9pC) + 0. (p:C) = 0, (2.31)
1 _ _
p o, = -3 (Tr (0,M20,M5") — Tr (9, M0, M5 )]
3 —1 -1
e (Tr (0,M0,M; ") — Tr (8. M,0. M7 )]
302
———  [(9,¢)* = (0:¢)? 2.32
1
po.T = =T (0, M0, M5 )
3 302
—— =T Mo, MY + —= . 2.
4(1+a2) 7n(ap 10: M, )"‘ 2(1+az)8p€8zg (2.33)



As a result we find that the "field variables” M; and M, satisfy the equations of two
SL(2,R)/SO(2) o-models in two dimensions, modified by the presence of the factor p. The
system equations for I' can be integrated, once a pair of solutions for the two o-models and
a solution of the linear equation for { are known. Therefore, the problem of generating
solutions to the 5D EMd equations with the described symmetries reduces to the solutions
of the two o-models and the choice of a harmonic function.

It is well known that the o-model equations are completely integrable [27, B§]. This is
a consequence of the fact that the o-model equations can be considered as the compatibility
condition of the linear differential equations (Lax-pair presentation) [27, Bq]

_pU+ ANV

pV — \U
DV ="——_-VU, 2.35
)\2 +,02 ( )
where
2\p 2)\2
Dp = (9,, + m@)\, Dz = az — m@)\ (236)

Here V = po.MM~', U = pO,M M 1 and \ is the complex spectral parameter. The
"wave function” W(p,z, \) is a complex matrix. The o-model equations then follows from
the compatibility condition

[D,, D.]¥ = 0. (2.37)

The matrix M can be found from the "wave function” ¥ as M (p, z) = ¥(p, z, A = 0).
The inverse scattering transform (IST) method can be directly applied to (£:34) to
generate multisoliton solutions. The dressing procedure allows us to generate new solutions
from known ones. Since this dressing technique is well known we will not discuss it here

and refer the reader to 27, Rg].

In this paper we will not apply the IST method. In the next section we present new
and simple enough solution generating method which allows us to generate new 5D EMd
solutions from known solutions of the 5D vacuum Einstein equations.

3. Solution construction
Let us consider two solutions M; = MM and My = M@ of the o-model equation
9p (pOMM™Y) + 0, (p0.MM™') = 0. (3.1)
In addition let us denote by v(*) the solution of the system

. 1 4 N
p—lazv(z) = _ZTT (apM(Z)azM(z) 1) ’ (3.2)

(@)

P10,y —% |7 (9,100,07") — T (0.0, | (3.3)



Then we find for the metric function I

3 3a2
= 7(2) + ,.Y(l) + * _y (3.4)
1+ a2 1+a2*
where v is a solution of the system

_ 1

PO = 7 |(060) = (0:0)?] (3.5)
_ 1

p oy = 500C0:C. (3.6)

From a practical point of view it is more convenient to associate the o-model solutions

M@ with the vacuum Einstein solutions!

(4) (4)
ds%(i) = e2E JY? + e tE

(4) i 2
[—62% <dt +A<E>dx) (3.7)
+e*2U1(2i) p?dX?% + 208 2T (dp* + sz)} .

which correspond to the matrixes

i A 2 i ; i
A g4 (1) 2 apeat)

M0 — | | | (3.8)
Qfg)e—zU};) e—2UY
Here the metric function F%) for the vacuum Einstein equations satisfies?
p19,r) = —% [Tr (apM@)apM(i)_1> —Tr <8ZM(i)82M(i)_1)}
3 @) @)
+5 | @)" - (202, (39
. 1 A L A .

plo.Ty) = — 3T (9,0D0,07) 4 gapu%)azu(é). (3.10)

It is not difficult to see from these equations that the metric function Fg) can be

decomposed into the form A '
I =@ o) (3.11)

where Q%) is a solution to the system

o 9,00 =2 [(apu(bi))z - (azu;@f] , (3.12)
pflﬁzQ%) = ;(%u%)azug). (3.13)

Then we find
r=ry -0f +- fa,% 0% - i +a2i] . (3.14)

'From now on all quantities with subscript or superscript ”E” correspond to the vacuum case.
2Obviously, these equations are obtained from the EMd equations by setting Ay = 0 and ¢ = 0.



Further, comparing the matrixes M; and M) we obtain

1
4U( ) ga*

B
2l — eltaZ el+a2
40‘* (1) 20‘*
2 — g1+al F o 1tal> (3.15)
2\/§ (1)
Ay = ——— .

Vitaz' P
Having once the metric functions, we find for the metric

4U](2) a2 2U(1) @ 9 @
ds? = e1+e? el+°‘ dY2+e 1+l g 1+a2<[ Ve <dt+Ag)dX) + e e p2dx?

2

o2 e o2 e o ,
+— — e B (dp® +dz")| . (3.16)
205 +20 o203
Taking into account that
(l) (l)
gé%(z) = —¢ U5 Vs (3.17)
) _ @ o)
QX()? = gX(X) - 900 (-’4(2 )2 =e e e Ve p? (3.18)
gED = ¢ —ul 20y 2 (3.19)
and
Q) ; ;
AVE — (gE(Z))Qg$$)7 (3.20)
(@) E E
eZI‘ ’g (3) ’gyg)gg)(z% (3.21)
the metric can be presented in the form
% 202
1+ag ek
ds® [IQE(1 | 958)] eTaTedy?
E@2) —Tr= +a2<
Jyy €
7 . {gg%@ (at + AR ax ) + 7Y dx?
E(1) E(1) | 1+ed
1900 "1\ 9yy
3 3a2
g2 gEW BON a2 ([ awe | Tra? B . o
+ 9o (dp* 4+ dz?) | . (3.22)
2001300 P |

and

Summarizing, we obtain the following important result presented as a proposition.
Proposition. Let us consider two solutions of the vacuum 5D FEinstein equations

A5ty = oy dY? + g (dt + A(E?dx) + Tl dX? + gPO(dp® + dz?)  (3.23)

a harmonic function .



Then the following give a solution to the 5D EMd equations®

E(1
e [Igoo( )

% 202 ¢
E(1 af [ 5
gyg/)] ettel>dy?

EQ2) ~

E
[L‘Joo(

Jyy € 1*“2 |:E(2)
1)| E(l):| 1+af

g0 (dt+ AP ax ) + gD dx?

1

Iyvy

305,,%

3
E(1), EQ) E()\ 1142 2v, 1+a?
* e ¢ *
o (1900 _19vy 9pn — g2 (dp? +d=?) |
e§QE

205 +20
Ao — 2\/§ (1)
Y — E >
1+ a2
200 ./ E(l TraZ 712::‘2
€ = ‘goo 1V 9vy )

where fg) s a solution to the system

1 (gED)2gED

9, ](51) =— 9oo ; YY aZASEl)’
E(l)y2 E(1)
1
0.7 = L1 L9y 3)9” pAY

Qg) satisfy
= g (e () - (o (6) ]
p_lazQ(é) = gf“)p In <g$§ﬁ)) 0, In (g{?@) )
and v¢ solves the equations
o0 = 7[00 - (0.0

_ 1
p o = 500C0:C.

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

Let us also note that, in general, the exchange of the two sigma models M) «—— M)

leads to different EMd solutions.

The presented proposition gives us a tool to generate new 5D EMd solutions in a simple

way from known solutions to the vacuum 5D Einstein equations. The technical difficulties

are eventually concentrating in finding of Qg, fg and v, but there are no principle obstacles

since the systems for g, fr and v¢ are first order partial differential equation systems of

the simplest kind.

3More generally we can take Ay = + \/% ,(51) + const.




Through the use of the proposition we can generate the 75D EMd images” of all known
solutions of the vacuum 5D FKinstein equations with the symmetries we consider here. It
is not possible to present explicitly here the ”EMd images” of all known vacuum Einstein
solutions. We shall consider here one of the most interesting examples-namely we shall
derive the rotating dipole black ring solutions.

4. Derivation of the rotating dipole black ring solutions

The systematic derivation of the dipole black ring solutions in EM gravity was given in
our previous paper ] More precisely, we have shown that the EM dipole rings can be
derived as a "nonlinear superposition” of two neutral rotating black rings solutions. Here,
we shall follow the same scheme in order to derive the EMd rotating dipole ring solutions.

We take two copies of the neutral black ring solution with different parameters: the
first solution is with parameters {\1, v, R} while the second is parameterized by {\a, v, R}:

P, 1 2
ds ;) = () (dt+ Clv )R- d1/1>

_F)\i(x) F)\'L (y)
R? 2 = Gly) o _ dy® da G(x) o

o R G e B b

where
Fy(z) =1+ Nz, G(z)=(1—2%)(1 +vz), (4.2)

and
14+ XN

C(V, )\z) = \/)\z()\z - I/) 1— )\i. (4.3)

It should be also noted that in the case under consideration the Killing vectors are
denoted by
Ky =0/0v, Ky=0/0¢. (4.4)

The neutral black ring solution has already been written in canonical coordinates
in [B9), that is why we present here the final formulas:

E(Z)’ . (1 + )\z)(l — V)Rl + (1 — )‘2)(1 + V)RQ — 2()‘1 — I/)Rg — )‘1(1 — 1/2)722
900 - (1 + )\Z)(l — V)Rl + (1 — )‘2)(1 + V)RQ — 2()‘1 - I/)Rg + )‘1(1 — 1/2)7?27
0 (R3+2z—iR%)(Ry — 2 + iR%)
b0 Ry —z— iR
(R1+ Ry +vR?)(R1 — Ry + 3(1 + v)R?)(Re + R3 — 3(1 — v)R?)
RQ((l — V)Rl — (1 + I/)RQ — 2VR3) ’
gbD = [(1+X)(1 —v)Ry+ (1 = X)) (1 +v) Ry — 2(\; — v)Rs + Ai(1 — )R]
(1 — V)Rl + (1 + V)RQ + 2vRg
8(1 — V2)2R1R2R3 ’
—2C(v, \)R(1 —v)[Rs — Ry + 3R*(1 + v)]

(1 + )\z)(l — V)Rl + (1 — )\z)(l + V)RQ — 2()‘1 - I/)Rg — )‘1(1 — 1/2)7?27

(4.5)

A =




where

R, = \/,02 + (z+ gRQ)Q, (4.6)
Ry = \/p2 + (2 — %RZ) , (4.7)
R3 = \/,02 + (z — %7@)2. (4.8)

The next step is to find the functions Qg) and f g). After straightforward but tedious
calculations we obtain

8(2(1) _ §Q(2) _ [(1 B V)Rl + (1 + I/)RQ + 21/R3]2 E(i)
s esr = 8(1 _ V2)2R1R2R3 990 > (49)
o (1 =v)RC(v, \i)[R1 — Rz + 35(1 4+ v)R?|

(1 + )\z)(l — l/)Rl + (1 — )\z)(l + IJ)RQ + 2(V — )\Z)Rg + )\Z(l — 1/2)7?,2 '

Finally we have to choose a harmonic function {. It turns out that the appropriate

choice is 1
1 2 E(1 B2
¢=uf) =ufy = 1n(9¢(,f ) = 3 S In(g5s?). (4.10)
With this choice we find*
2
4s” = o V|72 g2 g? 1 |giy| [ 0 (e + AP@ap) " 4 gt ay?
g |gE(1 B AT
soh gfp(z)(dpz +d2?) |, (4.11)
2v/3
Ay = £————x fE + const, (4.12)
V1t a
2
P = o 12 (4.13)

It is more convenient to present the solution in coordinates in which it takes simpler
form. Such coordinates are the so-called C-metric coordinates given by

,— BV-GEGly) 1R -ay)2+ve+vy) (4.14)
(x —y)? ’ 2 (x—y)? ' '

Performing this coordinate change we find
1
ds? = (F)q (y)> 1+a§ RQG( ) ¢ (F)q (y)> L+af
By, () (z—y)? By, ()

Fy, (y) 14y ?
_ o) (dt + C(v, )\Q)RFAQ( )d@D)

“We have taken into account that gE(l) = gff) nd Qg) = Qg) = 3¢ which considerably simplifies the

solution.

,10,



_RQF)\Q( ) ( ) 2 1+a RQFAQ( ) B dy2 da2

Ay = \/_C(V AI)R —|— const, (4.16)

\/1+062 F)\1

a

o ()

Finally, in order to exclude pathological behavior of the metric and to obtain black

solutions we must consider only negative Ay, i.e.
AM=—pn,0< <l (4.18)

and positive Ao and v satisfying
O<rv<i<l. (4.19)

One can easily see that the generated 5D EMd solutions are just the EMd rotating
dipole black ring solutions [B0] . Let us also recall [BQ] that in order to avoid the possible
conical singularities at x = +1 and y = —1 we must impose

3
(14 p)20+00 T = Xg

1—v ’
1= Xy (14 p\Z  [1-1\2

2 () 2 . (4.21)
I+X \1—-p 1+v

An alternative derivation of the the rotating dipole black ring solutions is given in the

Ap =AY =21

(4.20)

appendix.

5. Conclusion

In this paper we considered EMd gravity in spacetimes admitting three commuting Killing
vectors: one timelike and two spacelike one of them being hypersurface orthogonal. As-
suming also a special ansatz for the electromagnetic field we have shown that the EMd
equations reduce to one linear equation, two SL(2,R)/SO(2) o-models and a separated
linear system of first order partial differential equations. This ensures the existence of
Lax-pair presentation, therefore the complete integrability of the considered sector of EMd
gravity. The Lax pair presentation also opens the way to apply the IST method and to
generate multisoliton solutions.

Using the two o-models structure of the reduced EMd sector we gave an explicit
construction for generating exact 5D EMd solutions from known solutions of the 5D vacuum
Einstein equations in the same symmetry sector. As an example we gave, for the first time,
the explicit and systematic derivation of the rotating dipole black ring solutions.

The presented solution generating method can also be used to generate many other
exact 5D EMd solutions. It would be interesting to find the EMd solutions corresponding
to the "nonlinear superposition” of 5D Myers-Perry black holes [B1] as well as other 5D
vacuum Einstein solutions.

— 11 —
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A. Derivation of the rotating dipole black ring solutions in non-canonical

coordinates

In many cases it turns out that the canonical coordinates are not the most convenient ones

and the corresponding equations are more tractable in other coordinates. Here we present

the basic results in terms of the coordinates x and gy in which the transverse space metric

has the form

dx? dy?
dl2 — e—QU(m,y)BZH(J:,y) ( + _)
A(z) ~ B(y)

where A(z) and B(y) are appropriate functions.
For the reduced EMd equations we find

o] o ]
0, _ gizgaleMfl_ + 0, _p %(%Mlel: —0,
8, _ g((gangMgl_ + 9, _p %@MQM;: —0,
0. |y Bg0sc| + 0y [o %aycl —0,

5

p 2p

N 3
8(1+a?)

1
_ZB(y)ayPTT (02 M20, My ™) —

B(y)8ypTr (8, M0, M) — A(2)0,pTr (8, M0, Mt
Yy Yyt 1

3

9 —1
g az)B(y)BypTr (GleayMl )

oS (A(2)020(0:¢)* — B(y)d2p(0 o%ﬂB( )0y p0zC0yC
41+ a?) v Y0Py 201 + a2) 0 W) uPOutOys,

- 12 —

0uH = -0, + ¢ [Bly)owpTr (9,Mp0,M; ") ~ A(@)0,pTr (050, My )]

(A1)

(A.4)

(A.5)

(A.6)



S 1

Z9,H = —

p 2p
3

T 1+ a2)
—iA(x)(?mpTr (amMzayMgl) —

1
0yS + 3 [A(@)dypTr (0:M20, M5 ") — B(y)0ypTr (0, M0, My )]

[A(2)0ypTr (0, M10, M ") — B(y)dypTr (9, M10,M; )]

3
41+ a2)

(B(y)9yp(9,¢)* — A(x)dyp(9:¢)?) +

A(2)0pTr (0, M10y M7 1) (A.7)

302
2(1+a2)

2
3ack

Tt A(2) 0y p0,C0yC,

+

where

S = A(@)(9ep) + B(y)(9y0)™- (A8)

The equations for the twist potential are

1 B(y) etV
O f = —3 e 733,./4, (A.9)

£ _0,A. (A.10)

Further we proceed as in section f]. Potentials u, Ay and ¢ are again given by (B.13).
One can show that
302
1+ a2

3
1+ a2

1
H=HY -0 ¢ [HS) 5 In(8) - ng] + Ve (A.11)

where Qg) are solutions to the systems

S i 3 i 7 3 ) 7

;@CQ(E) =7 [A(w)axp(amusg))z - B(y)axp(ayu%))ﬂ + 5B, pdsuy yuy), (A.12)
S i 3 i i 3 % 4

~000) = 7 | B0y — A@)0p(@e | + S AW)00pOriy Oyu

and v, satisfies

20,1 = [A@0.p(0:07 - BuOup(0,0F] + 5BWIO00:C0,0,  (413)
S
;Byuc = % [B(y)9yp(9,¢)? — A(x)0yp(9:€)*] + %A(m)@p@gccayg.

Taking into account the explicit expression of e?* from (B.1§) and the decomposi-
tion (JA.11]) we find for the EMd metric the following formula

(1) (1)
Wy, gag 2U af
—=¢

TE . f%% _"E_ _ 2
d82 — 61+0¢§ el+a,% dY2 +e 1+€§ e ltoi |:—€2U15:72) <dt + ./4(E2v)dX) + B—QUg)deXQ

2

*

3
G-1p2HG) \ 1+a? ee \ 1 o) Lue) [ da? dy?
+ 0, 20602 2 2) e B eE 2 +B . (A14)
62QE +§QE egQE (ﬂf) (y)

3a
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The above presented results give us an opportunity to derive dipole black solutions
more simply when the the transverse space coordinates are appropriately chosen. The

most natural and convenient choice is

A(z) = G(x), (A.15)
B(z) = —G(y). (A.16)
Then, from the neutral black ring solution we find
w() _ R*G(z)

(x —y)*

@) _ oy ), 1+y
Ay =C( ’)\Z)R—F)\i(y)’
AU _ F} (y) R2G(xz)
TR @ y? .
R2
p= m —G(2)G(y),
G2HY _ Ry, (y)G(2)
(x—y*

Having A(x), B(y) and p we can calculate S and the result is

x4+ y+v+rry)
Az —y)?

Solving equations ([A.13) we find

S:R4( 2—-v+v(z+y) +vay][-2—v—v(r+y)+rey]. (A.18)

20W @) _  20P@y) _ o1 RYG ()
e3* e \BY) — e3%p \BY) — §7 (g gy A.19
( )(x —y)! (419
Therefore we have
G-12Hy
— o = Fy\, (y). (A.20)
e3‘E

The next step is to specify the harmonic function . As we have already mentioned in
section [| the appropriate choice is
¢=ul) =uy) (A.21)
: 1o
which means that v, = 3Q;".
Summarizing, we obtain the following expression for the 5D EMd metric

By, (@) (z —y)? P, (z)
F)\2( ) —|—y 2
F,\Q(HC) (dt+0( AR )CM)
( )F)Q(x) 2 1+a RZF)Q( ) dz? _ dy2
Gy + o)™ TR (G5 - )] e

— 14 —



. . . . (1) .
Taking into account the explicit form of e*Vr ", Ag) and p from (JA.17), the equations
for the twist potential become

m_ 1 R(L=A\1) Ao
Oufp’ = 20(1/,)\1) (@) (A.23)
1
a,f % =o. (A.24)
Integrating we obtain
1 1 R(l + x)
é) = —50(1/, )\I)W -+ const . (A25)
Therefore the electromagnetic field is given by
3C (v, A 1
Ay = i\/_ v, 1)R( +2) + const . (A.26)

\/14’013 FAl(x)
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